Günlük and Pochet [O. Günlük , Y. Pochet: Mixing mixed integer inequalities. Mathematical Programming 90(2001) proposed a procedure to mix mixed integer rounding (MIR) inequalities. The mixed MIR inequalities define the convex hull of the mixing set
Introduction
Understanding the polyhedral structures of simple mixed integer sets and using them in developing valid inequalities for general mixed integer programs (MIPs) has been a successful approach. One such simple set is the mixing set (where α 1 > 0) studied by Günlük and Pochet [13] (the superscripts of Q denote the number of rows and integer variables in each row, respectively). They showed that the mixed integer rounding (MIR) inequalities [17, 20] (called 1-step MIR inequalities in this paper) based on individual constraints in this set can be mixed in a particular way to generate valid inequalities for the set Q m,1 , which also define the convex hull of this set. The mixed 1-step MIR inequalities can also be used to generate valid inequalities for general MIPs. Moreover, they generate valid inequalities for special structure MIPs such as constant-capacity lotsizing, facility location, and network design problems [13] . Variations of the mixing set have also been studied: The mixing set with divisible capacities, i.e. {(y 1 , . . . , y m , v) ∈ Z m × R + : α where α j > 0, j = 1, . . . , n, and β i of each constraint that is used in mixing and α j 's satisfy the conditions required for validity of n-step MIR for that constraint. We refer to this set as the n-mixing set (Section 3). We show that type I mixed n-step MIR inequalities define facets for conv(Q m,n ), and type II mixed n-step MIR inequalities define faces of dimension at least n(m − 1) (Section 4). The mixed MIR inequalities of [13] simply correspond to the special case of n = 1. We then show how mixing of n-step MIR inequalities can generate multi-constraint cuts for general MIPs (Section 5). In addition, we show that the mixed n-step MIR inequalities can be used to generalize the (k, l, S, I) inequalities for the singlecapacity lot-sizing problem [13, 18] to the case of multiple capacities. We also show that they generalize the mixed MIR inequalities for the single-capacity facility location problem [1, 2, 13] to the case of multiple capacity (Section 6). Before we start, we briefly review the necessary concepts related to mixed MIR and the n-step MIR inequalities in Section 2. We also note that in the special case where the coefficients α j , j = 1, . . . , n in Q m,n are divisible, the validity conditions of n-step MIR are always satisfied. Consequently, all results in this paper are always true for this special case.
Necessary background
In this section, we briefly review the mixed MIR inequalities [13] and the n-step MIR inequalities [14] . For n ∈ N, let α = (α 1 , α 2 , . . . , α n ), where α > 0. For β ∈ R define the recursive remainders
for j = 1, . . . , n. We also assume that b a (.) = 0 and b a (.) = 1 whenever a > b. Consider the 1-mixing set Q m,1 and let M = {1, . . . , m}. The 1-step MIR inequality [16, 20, 13] for the inequality i in Q m,1 can be written as
Consider a non-empty K ⊆ M . To simplify the notation and without loss of generality we assume K = {1, . . . , k} and β
i , i = 2, . . . , k. By mixing the 1-step MIR inequalities (1) for i ∈ K, Günlük and Pochet [13] presented the following mixed MIR inequalities for Q m,1 :
where β
(1) 0 = 0 by definition. We refer to (2) and (3) as the type I and type II mixed MIR inequalities generated by K, respectively. It is shown in [13] that the convex hull of Q m,1 is completely described by inequalities of the form (2) and (3) generated by all possible subsets K of M.
In another direction, Kianfar and Fathi [14] introduced the n-step MIR inequalities for a general mixed integer knapsack set, i.e.
, where µ n α,b is the so-called n-step MIR function. In other words the inequality is obtained by applying the n-step MIR function on a j 's and b (see [4, 14] for details about the function µ n α,b ). In the special case that a j 's are the same as the parameters α 1 , . . . , α n , that is for the set
the n-step MIR inequality becomes
where the conditions α j β (j−1) /α j ≤ α j−1 , j = 2, . . . , n, must hold (of course to get a non-trivial (4) it is also assumed β (j−1) /α j / ∈ Z, j = 1, . . . , n). It is shown in [14] that (4) is facet-defining for Q 1,n . An intermediate result from [14] , which will be useful in this paper, is that the inequalities
are valid for Q 1,n if the same conditions hold.
3. Mixed n-step MIR inequalities for the n-mixing set
In this section, we show that mixing can be generalized to the n-step MIR inequalities and by mixing these inequalities one can get valid inequalities for the n-mixing set Q m,n . Assume we would like to mix the n-step MIR inequalities associated with constraints i ∈ K, where K ⊆ M . To simplify the notation and without loss of generality throughout the paper we assume K = {1, . . . , k} and β
. . , k. Also note that for the n-step MIR inequality to be valid for each base constraint i ∈ K in the first place, we need to have
(as mentioned, the assumptions β
. . , n, i ∈ K are also required to avoid trivial inequalities). Now assuming (6) holds the n-step MIR inequality (4) written for the base inequality i ∈ K is valid and can be written as
To simplify notation in the rest of the paper, we define the function φ i : Z n → Z to denote the integer-valued expression inside the parentheses in (7) and refer to it as the n-mixing function, i.e.
Note that φ i is a function of variables y i = (y i 1 , . . . , y i n ) which depends on parameters α and β i . Now the n-step MIR inequality (7) can be written as
We show that inequalities (9), i ∈ K, can be mixed to obtain the following valid inequalities for Q m,n :
where β (n) 0 = 0 by definition. We refer to (10) and (11) as the type I and type II mixed n-step MIR inequalities, respectively. The validity of (10) and (11) can be proved using an argument similar to the one used in [13] for validity of (2) and (3) but requires an additional lemma:
is valid for Q m,n .
Proof. For i ∈ K, since (6) holds, inequality (5) written for the base inequality i of Q m,n and j = n, i.e.
is valid for Q m,n . By subtracting β (n−1) i /α n from both sides and re-arranging the terms we get (12). Theorem 2. If conditions (6) hold, the type I and type II mixed n-step MIR inequalities (10) and (11) are valid for Q m,n .
Proof. To prove the validity of (10), consider a fixed point ( (10) is satisfied becausev ≥ 0, and by the assumed ordering of indices in K, β
The last inequality follows from Lemma 1. This proves the validity of (10) . The validity of (11) can be proved very similarly.
Note that for n = 1 this proof reduces to the proof of mixed 1-step MIR inequalities in [13] , where Lemma 1 was not required because for n = 1 inequality (12) simply reduces to the base inequality α 1 y
Consider the following generalization of Q m,n which has different continuous variables in each row:
Let the variable v ∈ R + be such that v ≥ v i for all i ∈ K. Then as a direct result of Theorem 2, we have the following:
are valid for Q m,n .
Remark 1. (Divisible coefficients)
An interesting special case of the n-mixing set Q m,n is when the coefficients are divisible, i.e. α j |α j−1 , j = 2, . . . , n. Note that in this case for any i ∈ K and j ∈ {2, . . . , n}, by definition of β
That means in this case conditions (6) are automatically satisfied. Consequently, all results in this paper are always true for the case where the elements of the parameter vector α are divisible, i.e. α j |α j−1 , j = 2, . . . , n.
Facets and faces defined by mixed n-step MIR inequalities
In this section, we prove that the type I mixed n-step MIR inequalities define facets, and the type II inequalities define faces of dimension at least n(m − 1) for the convex hull of the n-mixing set, i.e. conv(Q m,n ), demonstrating the strength and importance of these inequalities. Note that conv(Q m,n ) is full-dimensional (is of dimension mn + 1). That is because α j > 0, j ∈ J, and therefore Q m,n is not empty (a point
m × R + with large enough coordinates is feasible to Q m,n ), and P + e ∈ Q m,n for all unit vectors e ∈ R mn+1 . We first define some points and prove some properties for them.
and the point q i,t = (q
for some t ∈ {1, . . . , n}.
Proof. If y i = p i,t , substituting the point in inequality i gives
i , substituting the point in inequality i gives
i , which is true.
Proof. For i ∈ K and t = 1, . . . , n, we have
Notice that q i,n = p i,n + e n , where e n = (0, . . . , 0, 1) ∈ R n . Based on (8), it is easy to see
Recall that without loss of generality we have assumed that the set of indices of inequalities used in mixing are K = {1, . . . , k}, where β
Theorem 7. If conditions (6) hold, the type I mixed n-step MIR inequality (10) defines a facet for conv(Q m,n ).
Proof. Consider the hyperplane corresponding to (10), i.e.
and the face defined by it, i.e. F 1 = {(y 1 , . . . , y m , v) ∈ conv(Q m,n ) : (16)}. We prove that any generic hyperplane
that passes through F 1 has to be a scalar multiple of (16) . For this, consider the point
By Lemma 5, P 1 ∈ Q m,n and by Lemma 6, P 1 satisfies (16) so P 1 ∈ F 1 , and hence must satisfy (17) too. That means
Based on (18), hyperplane (17) reduces to
For i ∈ M , consider the point
Again by Lemmas 5 and 6, P i,2 ∈ F 1 , and hence must satisfy (19) too. Substituting
Based on (20) , hyperplane (19) reduces to
Starting with (21), and for each i ∈ M , repeating the same argument using the points P i,3 , P i,4 , . . . , P i,n ∈ F 1 one after the other, where
. . , n, we get the identities
Based on (22), we get the identities
8 which reduce hyperplane (21) to
Now for i ∈ K, consider the point
for t = 1, . . . , i, by Lemma 5, S i ∈ Q m,n . By Lemma 6, S i satisfies (16) so S i ∈ F 1 , and hence must satisfy (24). Substituting in (24) gives
Identities (25) reduce hyperplane (24) to
Now for i = k + 1, . . . , m, consider the point
is large enough for (g i , 0) to satisfy constraint i in Q m,n (clearly such g i exists because α j > 0, j ∈ J) and also φ i (g i ) = 0. Therefore using Lemma 5, G i ∈ Q m,n . Also, based on Lemma 6, G i satisfies (16), so G i ∈ F 1 , and hence must satisfy (26). Substituting G i in (26), based on Lemma 6, we get λ 2 /α 3 = 3. Therefore it is easily verified that conditions (6) are satisfied. Therefore, according to (10) , the type I mixed 3-step MIR inequality obtained from the two defining inequalities of Q 2,3 is as follows (notice that β 
Based on Theorem 7, inequality (27) defines a facet for Q 2,3 . Similarly, if we reduce n to 2, the type I mixed 2-step MIR inequality v ≥ 4(2 − 2y Next theorem establishes a lower bound on the dimension of the face defined by a type II mixing inequality for Q m,n .
Theorem 8. If conditions (6) hold, the type II mixing inequality defines a face of dimension at least n(m − 1) for Q m,n .
Proof. Consider the hyperplane corresponding to (11), i.e.
and the face defined by it, i.e. F 2 = {(y 1 , . . . , y m , v) ∈ conv(Q m,n ) : (29)}. We prove that any generic hyperplane defined by (λ 1 , . . . , λ m , λ 0 , θ) ∈ R mn+2 , i.e.
that passes through F 2 is the linear combination of at most n + 1 linearly independent hyperplanes, making F 2 a face of dimension at least mn + 1 − (n + 1) = n(m − 1).
Consider the point S
As argued in the proof of Theorem 7, S 1 ∈ Q m,n . Moreover, using Lemma 6, it is easy to verify that S 1 satisfies (29). So S 1 ∈ F 2 and hence must satisfy (30). Substituting into (30) gives
Based on (31), hyperplane (30) reduces to
Consider the points
. . , m, t = 2, . . . , n. By Lemma 5, these points belong to Q m,n , and by Lemma 6, they satisfy (29). Therefore R i,t ∈ F 2 , i = 2, . . . , m, t = 2, . . . , n. Starting with hyperplane (32), and for each i ∈ {2, . . . , m}, substituting the points R i,2 , . . . , R i,n in the hyperplane, one after the other, we get
From (33) we get
which reduces (32) to
Now consider the same points
. . , m, that were used in the proof of Theorem 7. We argued that these points belong to Q m,n . Moreover, using Lemma 6, it can be easily verified that they satisfy (29), so S i ∈ F 2 , i = 2, . . . , m. Therefore, they must satisfy (35). Substituting S i , i = 2, . . . , m in (35), we get
Identities (36) reduce hyperplane (35) to
Now for i = k + 1, . . . , m, consider the points
and also φ i (h i ) = 0. Therefore using Lemma 5, H i ∈ Q m,n . Also, based on Lemma 6, H i satisfies (29), so H i ∈ F 2 , and hence must satisfy (37). Substituting H i in (37), based on Lemma 6, we get λ i n = 0. Therefore, λ i n = 0, i = k + 1, . . . , m, so (37) reduces to
So we have shown that in the generic hyperplane defined by (λ 1 , . . . , λ m , λ 0 , θ) ∈ R mn+2 , at most (λ 1 , λ 0 ) ∈ R n+1 are independent. That means the generic hyperplane can be the linear combination of at most n + 1 linearly independent hyperplanes. This completes the proof.
Mixed n-step MIR inequalities for general MIP
As mentioned in Section 2, in [14] it is shown that n-step MIR can be used to generate valid inequalities for the single-constraint mixed integer knapsack set Y 1 . In this section, we show that mixed n-step MIR can be used to generate multi-constraint cuts for a general MIP. Define J := {1, . . . , N } and let {(x, z) ∈ Z 
Given a parameter vector α = (α 1 , . . . , α n ), where α > 0, any subset of the m rows in Y m can be used to generate a mixed n-step MIR inequality for this set. Like before without loss of generality, we assume this subset of rows is K = {1, . . . , k}, where k ≤ m and we assume the rows are numbered such that b
Here we present the type I mixed n-step MIR inequality for Y m . The type II can be generated in a similar fashion.
Let a j = (a 1j , a 2j , . . . , a kj ) and b = (b 1 , . . . , b k ) and let π : R k → {0, . . . , n} k be a mapping. For i ∈ K and p = 0, . . . , n, let J i p := {j ∈ J : π(a j ) i = p}, where π(a j ) i is the ith component of π(a j ).
where
Theorem 10. Given the parameter vector α = (α 1 , . . . , α n ), if for i ∈ K, α j b
, then the mixed n-step MIR inequality
is valid for Y m , where s ∈ R + is a variable such that s ≥ s i for all i ∈ K.
Proof. Given a mapping π, each constraint of Y m can be relaxed in the same way that the defining constraint of Y 1 is relaxed in [14] . In other words, for i ∈ K, constraint i of Y m can be relaxed to
Notice that this is a relaxation because for any p ∈ {0, 1, . . . , n}
and so
In other words, for every row i ∈ K of Y m , the coefficient a ij is relaxed based on (43) for j ∈ J i p , p = 0, 1, . . . , n − 1, and is replaced based on identity (42) if j ∈ J i n . Rearranging the terms of (41), we get
Now for i ∈ K and t = 1, . . . , n, the expression
is an integer (note that for t = 2, . . . , n it is also nonnegative) and can be treated as y i t in Q m,n . Also for i ∈ K, the expression j∈J i n a (n) ij x j + s i is nonnegative and can be treated as v i in Q m,n . Therefore the upper bound variable v in (14) can be j∈J u π (a j )x j + s . Since by assumption conditions (6) for the right-hand side b hold, according to Corollary 3, the type I mixed n-step MIR inequality for Q m,n (inequality (14)) when y i t and v are replaced by their corresponding expressions is valid for Y m . That is
Putting all multiples of x j in (45) together for j ∈ J, we can write it as
We would like to choose π(a j ) such that we get the strongest inequality, i.e. such that the coefficient of x j in (46) is minimized. Therefore the the smallest coefficient for x j will be obtained by σ
/α l as it can be easily verified that the minimum in (39) in case of σ n α,b (b) is achieved at any π, where π i = n for all i ∈ K. Therefore (46) reduces to (40) and the proof is complete.
Note that a reasonable choice for s is s = k i=1 s i . Theorem 10 shows that a mixed n-step MIR inequality for k constraints can be simply obtained by applying the corresponding mixed n-step MIR function σ n α,b on the coefficient vectors and the right-hand side of the constraints. Figure 1 shows an example of the function σ 6. Mixed n-step MIR inequalities for special structures
In this section we show that the mixed n-step MIR inequalities can also be used to generalize the valid inequalities previously developed for capacitated lot-sizing and facility location problems to the case of multiple capacities.
Lot-sizing with multi-capacity modules (LMM)
Let T := {1, . . . , m} be the set of time periods and {α 1 , . . . , α n } be the set of n available sizes of capacity modules. Therefore, in each period the total capacity can be the summation Remark 3. An interesting special case of MFL arises when each facility p can have only modules of a specific capacity C p but the capacity of modules in different facilities are not necessarily the same. We denote this special case by FFL. The set of feasible solutions in this case is X F F L = (x, u) ∈ R n P n Q + × {0, 1} n P : p∈P x pq = d q , q ∈ Q; q∈Q x pq ≤ C p u p , p ∈ P .
The mixed n-step MIR inequalities (59) and (60) can be easily specialized to this case very similar to the way (52) and (53) were specialized to LPM in Remark 2 with y i j = p∈S i :Cp=α j u p for i = 1, . . . , n I , j = 1, . . . , n.
Concluding remarks
We showed that mixing can be generalized to n-step MIR if the parameters satisfy the validity conditions of n-step MIR for each base inequality (as a special case these conditions are automatically satisfied if the parameters α 1 , . . . , α n are divisible). Moreover, the type I and type II mixed n-step MIR inequalities are strong in the sense that they define facets and high-dimensional faces, respectively, for the n-mixing set, which is a generalization of the mixing set. We also showed that mixed n-step MIR can be used to generate multirow cuts for general MIP as well as multi-capacity generalization of lot-sizing and facility location problems. The mixed n-step MIR encompasses, as the special case corresponding to n = 1, the inequalities that were previously generated based on mixing of MIR inequalities for the mixing set [13] as well as lot-sizing and facility location problems with a constant capacity [1, 2, 18] . Many questions can be pursued as future directions of research such as the separation problem for these inequalities, their computational effectiveness for different problems, and their relationship with other inequalities in the literature for more general forms of the mixing set cited in Section 1.
